We consider a matter wave bright soliton interferometer composed of a harmonic potential trap with a Rosen-Morse barrier at its center on which an incident soliton collides and splits into two solitons. These two solitons recombine after a dipole oscillation in the trap at the position of the barrier. We focus on the characterization of the splitting process in the case in which the reflected and transmitted solitons have the same number of atoms. We obtain that the velocity of the split solitons strongly depends on the nonlinearity and on the width of the barrier and that the reflected soliton is in general slower than the transmitted one. Also, we study the phase difference acquired between the two solitons during the splitting and we fit semi-analytically the main dependences with the velocity of the incident soliton, the nonlinearity and the width of the barrier. The implementation of the full interferometer sequence is tested by means of the phase imprinting method.
I. INTRODUCTION
The inherent atomic properties, like mass or polarizability, and the very high sensitivities achievable with atom interferometers make them a very versatile tool for high-precision measurements of, for instance, fundamental constants, internal forces, accelerations or rotations [1] [2] [3] [4] , being also used in general relativity tests [5, 6] and having even being proposed for gravitational wave detection [7, 8] .
Atomic Bose-Einstein condensates (BECs) are promising candidates to increase the phase sensitivity of atom interferometers due to their large coherence length [9] [10] [11] . However, elastic collisions in BECs can produce phase diffusion reducing the phase coherence [12] [13] [14] . Phase diffusion can be reduced for example by using Feshbach resonances [15, 16] or by taking advantage of the interactions to introduce non-classical correlations between the two arms of the interferometer [17, 18] . Nonlinear interactions also give rise to squeezed states which allow to surpass the standard quantum limit [19] [20] [21] [22] [23] [24] [25] .
In BECs with attractive interactions, the use of matter wave bright solitons [26] [27] [28] for interferometry was already proposed in [27] and its potential to increase phase sensitivity has been recently discussed [29] . The main advantages that matter wave bright solitons offer are that they can be described by single large mass macroscopic wavefunctions, have a well defined spatial localization and present absence of dispersion. Some methods have been proposed for implementing the beam splitter behavior required in a matter wave bright soliton interferometer [30] such as applying a resonant π/2 pulse to an internal state transition of the soliton [31] , using an accurate control of the scattering length in space or in time to split the soliton into two or more pieces [32] or collisions with a potential barrier in different scenarios like using a rectangular barrier [33] [34] [35] , Gaussian and delta type potential barriers [36] [37] [38] [39] [40] [41] , in a quasi one dimensional ex- * Juan.Polo@uab.cat ternal harmonic confinement in the presence of quantum fluctuations [42] or considering three dimensional dynamics [43] .
Here, we consider a matter wave bright soliton interferometer composed of a harmonic potential trap with a Rosen-Morse barrier at its center on which an incident soliton collides and splits into two solitons. The two split solitons recombine after a dipole oscillation in the trap at the position of the barrier producing two output solitons. The number of atoms of these two outputs provides a measure of the phase difference between the two arms of the interferometer. The phase difference acquired by the two solitons during the splitting process in a collision with a potential barrier is often assumed to be π/2 even for finite width barriers. Here, we show that this is only the case in the limit of very high velocities of the incident soliton and extremely narrow barriers. In general, the phase difference between the split solitons strongly depends on the velocity of the incident soliton, the nonlinearity and the width of the barrier. We also point out the limitations to achieve a symmetric splitting of the incident soliton by scattering on a potential barrier. Although the two split solitons can be obtained with the same number of atoms, in general, the reflected soliton has less velocity than the transmitted one.
The paper is organized as follows. In section II we describe the considered matter wave bright soliton interferometer. In section III we study the transmission coefficient as a function of the kinetic energy of the soliton for different nonlinearities. Section IV is devoted to the analysis of the splitting process focusing on the case of equal-sized splitting. First, in section IV A the area of the Rosen-Morse barrier necessary to obtain two split solitons with the same number of atoms is analyzed. Then, in section IV B, we study the velocity of the split solitons and finally, in section IV C the phase difference acquired between the two split solitons is characterized. Section V is dedicated to the recombination process, and finally in section VI we present the conclusions.
II. PHYSICAL SYSTEM
Within the mean field approach the dynamics of a Bose-Einstein condensate at zero temperature in one dimension (1D) is described by the time-dependent 1D Gross-Pitaevskii equation (GPE):
where V (z) is the external potential, m the atomic mass and the parameter that determines the strength of the atom-atom interactions is g 1D = 2N ω r a s ; with N , ω r , a s corresponding to the atom number, frequency of the radial confinement and s-wave scattering length, respectively. The wavefunction is normalized to 1, and, we consider negative scattering lengths, a s < 0, corresponding to attractive interactions.
For the implementation of the considered interferometer, first a matter wave bright soliton is created in a harmonic external potential trap. Then, the potential trap is suddenly displaced a distance d in the z direction and the soliton acquires potential energy ( Fig. 1 (a) ). The potential energy given by the displacement, according to the particle models [44, 45] , is fully converted into kinetic energy once the soliton reaches the center of the trap
At this time, a Rosen-Morse potential barrier, on which the soliton will collide, is located at the center of the harmonic potential and then, the external potential reads:
where ω z is the frequency of the axial confinement, and V b and σ are the strength and the width of the Rosen-Morse potential barrier, respectively. By scattering on the barrier, the incident soliton splits into two solitons which propagate in opposite directions undergoing a dipole oscillation in the harmonic potential ( Fig. 1 (b) ). Finally, the two solitons recombine at the position of the barrier ( Fig. 1 (c) ) producing two output solitons. The number of atoms of these two output solitons provides a measure of the phase difference between the two arms of the interferometer.
III. TRANSMISSION COEFFICIENT
The first requirement for the implementation of a matter wave bright soliton interferometer is to possess a mechanism to coherently split the incident soliton in two identical solitons. In our system, such a mechanism is provided by the interaction with a Rosen-Morse potential barrier, as described in section II. The Rosen-Morse potential is a sech-squared-shape potential with analytical solution in the linear regime and provides a good approximation to the potential created by a focused light beam by means of the dipole light force [46, 47] . Also, the absence of sharp edges in the Rosen-Morse barrier, contrarily to the delta and squared potentials, avoids sharp point effects [46] . 
and it is obtained numerically at a time such that the two split solitons are well separated from each other (t = π/ω z ). From Fig. 2 , it can be seen that the nonlinearity dominates the behavior of the transmission coefficient. The kinetic energy of the incident soliton necessary to obtain a fixed value of the transmission coefficient decreases (increases) with the nonlinearity for T > T (T < T ), where T is a value around transmission coefficients of 0.5, being T = 0.57 for the case shown in Fig.  2 . Taking into account that the nonlinearity tends to hold all the atoms together, as g 1D increases, the shape of the transmission coefficient becomes sharper, favoring the transmission (reflection) for T > T (T < T ). For large enough strength of the nonlinear interactions, the transmission coefficient presents a step-like behavior in which the incident soliton is either completely transmitted or completely reflected. This step-like behavior has been also reported for squared barriers [34, 35] . potential, which for
> 1 reads [48] :
(4) is plotted also in Fig. 2 (solid line) showing that it is in good agreement with the numerical results in the limit of low nonlinearity.
IV. SPLITTING PROCESS
In this section we focus on the case where the two split solitons have the same number of atoms, i.e., T = 0.5. For a fixed width of the barrier and a fixed nonlinearity, the potential strength of the barrier, V b , is modified to obtain the equal-sized splitting for different velocities of the incident soliton. We consider velocities of the incident soliton and widths of the barrier achievable in current experiments [49] but also we study very high incident velocities and very narrow barriers to approach the limit of the delta potential barrier. In all the cases E v k < V b i.e., the system is in the tunneling regime. For the analysis of the splitting mechanism we switch off the external harmonic potential trap in order to take into account only the effects produced by the interaction between the soliton and the barrier and we focus on three main issues: in section IV A we calculate the area of the potential barrier required to obtain the equal-sized splitting; in section IV B we study the difference between the velocity of the transmitted and reflected solitons and its relation with the velocity of the incident soliton; and in section IV C we characterize the phase difference between the transmitted and reflected solitons. In Fig. 3 we show the area of the Rosen-Morse potential barrier, A = 2V b σ, required to obtain a fixed transmission coefficient of 0.5, as a function of the velocity of the incident soliton for different values of the width of the barrier and a fixed nonlinearity (Fig. 3 (a) ) and for different values of the nonlinear interaction parameter and a fixed width of the barrier (Fig. 3 (b) ). For high velocities of the incident soliton and very narrow barriers ( Fig. 3 (a) ) the area of the barrier has approximately a linear dependence with the velocity of the incident soliton. Thus, retrieving the behavior for a delta potential barrier, for which the transmission coefficient of a free particle reads [50] :
with λ being the strength of the delta potential barrier, (5) , in order to keep T ⊥ equal to 0.5, the strength of the delta potential barrier must have a linear dependence with the incident velocity λ = v 0 . In the Rosen-Morse barrier for T = 0.5, we recover a linear dependence of the area with respect to the incident velocity for V b → ∞ and σ → 0 while keeping the product V b σ constant, but with a different slope than in the delta potential case. For wider barriers (Fig. 3 (a) ), we have found an approximately quadratic behavior of the area of the Rosen-Morse potential barrier with respect to the incident velocity for a fixed width of the barrier and a fixed nonlinearity. We can also see that the growth of the area of the barrier with respect to the velocity of the incident soliton is steeper as the width of the barrier increases.
Note that here we have considered very thin barriers because for high incident velocities, the width of the barrier is limited from above since for wide enough barriers the incident soliton splits in more than two pieces. In order to analyze the effects of the nonlinearity, in Fig. 3 (b) we study low incident velocities and we observe that as g 1D increases, for a fixed width of the barrier, the area of the barrier necessary to keep T = 0.5 decreases. This effect is consistent with the dependence on the nonlinearity of the transmission coefficient as a function of E v k (shown in Fig. 2 ). For a fixed E v k and for T < T = 0.57, as g 1D increases, the transmission coefficient decreases. Thus, the potential strength of the barrier should decrease in order to maintain the equal-sized splitting. Note that the effect of the nonlinearity decreases as the incident velocity increases.
B. Velocity of the split solitons
In the equal-sized splitting, even though the reflected and transmitted solitons have the same number of atoms, they do not behave symmetrically. In general, we find that the reflected soliton is slower than the transmitted one and their velocities depend on the width of the barrier and on the strength of the nonlinear interaction. Fig.  4 shows the numerically calculated ratio between the absolute value of the velocity of the reflected (transmitted) soliton and the velocity of the incident soliton as a function of the velocity of the incident soliton, for different values of the width of the barrier for a fixed g 1D (Fig.  4 (a) ) and for different values of the nonlinearity for a fixed σ (Fig. 4 (b) ). In each case, the lower curve corresponds to the reflected soliton. The difference between the absolute values of the velocities of the transmitted and reflected solitons increases as the width of the barrier increases (Fig. 4 (a) ). We also observe that, for low velocities of the incident soliton, as the nonlinearity increases (Fig. 4 (b) ), the split solitons are slowed down and eventually they become trapped at the position of the barrier. This effect also appears in rectangular barriers [34] and limits the maximum value of the nonlinearity in order to maintain the 50-50 splitting. Notice also that the mean of the absolute value of the velocities of the two split solitons, ∆v = (|v T | + |v R |)/2, is practically independent of the width of the barrier (Fig. 4 (a) ) but it is strongly affected by the nonlinearity (Fig. 4 (b) ). Also, ∆v approaches the velocity of the incident soliton for high incident velocities i.e., the ratio ∆v/v 0 tends to one as the incident velocity increases. In Fig. 4 we can also see that the velocity of the transmitted soliton is, in some cases, larger than the velocity of the incident one. Nevertheless, the increase of velocity of the transmitted soliton is accompanied by a decrease of the velocity of the reflected soliton and therefore the total energy is conserved. The difference in velocity of the split solitons introduces an accumulated phase difference between the two arms of the interferometer, that will be discussed in section V.
C. Phase difference
Here we analyze the phase difference introduced during the splitting process when the two split solitons have the same number of atoms. Performing a detailed analysis of the phase evolution during the splitting of a soliton colliding with a Rosen-Morse potential barrier, we observe a strong dependence on the width of the barrier, velocity of the incident soliton and nonlinearity. These dependences go beyond the one soliton solution (Eqs. (A1) and (A2) in Appendix A) of the GPE and requires to consider the n-soliton solution obtained by Zakharov and Shabat [51, 52] , which shows that neighbor solitons make their presence felt through phase and position shifts (Eq.(A9) in Appendix A). In fact, we find that the phase difference introduced during the splitting of a matter wave bright soliton into two solitons by colliding with a potential barrier arises from two main sources, the interaction between soliton and barrier and the interaction between the reflected and transmitted solitons. The influence of the soliton-soliton interactions when two solitons collide at the position of a potential barrier has been recently discussed [36] . (Fig. 5 (a) ) and for different nonlinearities and a fixed width of the barrier (Fig. 5  (b) ). We compute the phase difference of the two split solitons when they are separated 10 µm in order to avoid the self-interferences that appear in the reflected soliton just after the splitting. We observe that the phase difference increases as ∆v increases, and its growth depends on the width of the barrier (Fig. 5 (a) ). For a fixed width of the barrier (Fig. 5 (b) ), the phase difference introduced during the splitting process in the case of high incident velocities increases as the nonlinearity increases. Taking into account these dependences with the parameters of the system and the phase shift due to the presence of two neighboring solitons, we approximate the phase difference introduced during the splitting of a matter wave bright soliton by interacting with a Rosen-Morse barrier for high velocities of the incident soliton (solid line of right hand side of Eq. (6) corresponds to the phase shift associated to the soliton-soliton interaction derived from Eq. (A9) in Appendix A) and that is highly affected by g 1D . The second term provides a phase difference due to the interaction of the incident soliton with the barrier that does not depend on ∆v but in general is strongly affected by the nonlinearity, growing as the nonlinearity increases. The third term depends on √ ∆v, and its growth is determined by C 2 which is highly affected by the width of the barrier. Our results recover the analytical phase difference predicted for a delta potential barrier in the limit of σ → 0 and very high incident velocities (see Fig. 5 (a) with σ = 0.011 µm). In this limit, the first term of Eq. (6) tends to zero due to its inverse dependence on ∆v, the last term, which depends on the width of the barrier, also tends to zero and only remains the term C 1 which tends to π/2 for high enough incident velocities. Thus, retrieving the delta potential barrier behavior [37, 38] .
High incident velocities

Low incident velocities
Here we focus on velocities of the incident soliton and widths of the barrier compatible with the range of parameter values available in current experimental setups [49] . In this regime, we obtain similar general dependences with the width of the barrier and the nonlinearity as the ones described for high incident velocities, but with a considerable deviation with respect to the semianalytical fit given by Eq. (6) . This may be due to the increase of the interaction time between soliton and barrier for low velocities. As for the case of high velocities of the incident soliton, the width of the barrier determines the growth of the phase difference with the mean of the absolute values of the velocities of the two split solitons (Fig. 6 (a) ), while the nonlinearity affects mainly the arctangent dependence of the phase difference as shown in Fig. 6 (b) . From Fig. 6 (b) we can also notice that the range of represented points is shifted to higher values of the mean of the absolute values of the split solitons as the nonlinearity decreases. This is related with the slowing down of the split solitons (discussed in section IV B) for large nonlinearities. Thus, the same velocity of the incident soliton, v 0 , leads to different ∆v for different nonlinearities.
V. RECOMBINATION
In this section we study the complete evolution of the interferometric sequence described in Fig. 1. Fig. 7 shows the phase evolution of the incident soliton (solid line) and of the two equal-sized split solitons (dashed and dotted lines) as a function of time during the interferometric sequence: (i) the incident soliton (solid line) moves towards the potential barrier, during the first 2.8 ms of the evolution, converting its potential energy into kinetic energy; (ii) the soliton collides with the RosenMorse barrier (gray area between 2.8 and 3.7 ms) and splits into two solitons with different phases and different velocities (dashed and dotted lines); (iii) the two solitons perform a dipole oscillation in the trap for approximately 5.4 ms which provides an oscillatory behavior of the phase, different for each of the solitons due to their different velocities after the splitting (see section IV B); (iv) finally, the two solitons recombine at the position of the barrier (gray area starting at 9.1 ms) giving two output solitons. The number of atoms at the two outputs of the interferometer depends on the phase difference between the transmitted and reflected solitons at the position of the barrier during the recombination process. We have tested the implementation of the interferometer by means of the phase imprinting method [53] , modifying instantaneously the phase of one of the arms of the interferometer. Fig. 8 (a) shows the density evolution of the incident and split solitons without any imprinted phase. Fig. 8 (b) and (c) correspond to the cases of imprinted phases of ϕ = 1.7 rad and ϕ = 2.4 rad, respectively. Clearly, the number of atoms at the outputs of the interferometer is dominated by the phase difference between the two solitons in the recombination stage.
VI. CONCLUSIONS
We have studied a matter wave bright soliton interferometer composed of a harmonic external potential trap with a Rosen-Morse potential barrier at its center. We have focused on the analysis of the splitting process for the case where the two split solitons have exactly the same number of atoms. First, we have shown that the area of the Rosen-Morse barrier necessary to obtain the equal-sized splitting retrieves the delta behavior for very thin barriers and very high incident velocities. Otherwise, a quadratic behavior of the area of the barrier with the velocity of the incident soliton appears. We have also reported that the velocities of the reflected and transmitted solitons are strongly affected by the nonlinearity being both solitons slowed down, and eventually trapped at the position of the barrier, for high enough nonlinearities. In addition, we have found that, in general, the reflected soliton is slower than the transmitted one. We have also characterized the phase difference between the two split solitons. For high velocities of the incident soliton we have derived a semi-analytical fit that reproduces the main dependences on the velocity, width of the barrier and nonlinearity for the equal-sized splitting. We have also recovered the delta behavior in the limit of high incident velocities and extremely thin barriers. Finally, we have analyzed the recombination process, studying first the phase evolution in the full interferometric sequence, and then we have tested the performance of the interferometer, introducing a phase difference between its two arms by means of the phase imprinting method showing that the number of atoms at each of the outputs is strongly affected by the introduced phase difference.
the form of the bright soliton solution of the homogeneous GPE [55] .
In the absence of external potential, the total energy of the soliton can be separated into three contributions [56] :
where:
being E p k the quantum pressure term, E v k the kinetic energy given by the gradient of the phase of the soliton, and E int the energy due to the nonlinearity.
The general n-soliton solution of the homogeneous GPE can be written, for large enough spatial separation among them, as the sum of n single soliton solutions [52] :
with:
where A j corresponds to the amplitude of the jth soliton, q j and ψ j are the position and phase shift, respectively, which are given by [52] :
